Abstract-The classical method to solve a quadratic optimization problem with nonlinear equality constraints is to solve the Karush-Kuhn-Tucker (KKT) optimality conditions using Newton's method. This approach however is usually computationally demanding, especially for large-scale problems. This paper presents a new computationally efficient algorithm for solving quadratic optimization problems with nonlinear equality constraints. It is proven that the proposed algorithm converges locally to a solution of the KKT optimality conditions. Two relevant application problems, fitting of ellipses and state reference generation for electrical machines, are presented to demonstrate the effectiveness of the proposed algorithm.
I. INTRODUCTION
Quadratic optimization problems with nonlinear equality constraints arise very frequently in science and engineering. They have a wide range of applications in computer vision [1] - [4] , mechatronics [5] - [7] , system identification [8] , [9] , etc. They are also the heart of advanced optimization solvers such as trust region method [10] , [11] and sequential quadratic programming [12] , [13] .
The classical method to solve a quadratic optimization problem with nonlinear equality constraints is to solve the Karush-Kuhn-Tucker (KKT) optimality conditions [14] using the iterative Newton's method [15] . The disadvantage of this approach is that it introduces additional optimization variables, i.e. Lagrange multipliers, which increases the complexity of the problem. In addition, this approach requires evaluation and storing of the Hessian matrix.
To reduce the computational load, this paper aims for an optimization algorithm which bypasses the KKT optimality conditions and implements a direct iterative search for the optimum. The quadratic optimization problem with nonlinear equality constraints is first transformed into a least 2-norm problem of an underdetermined nonlinear system of equations. A well known method to find a solution of an underdetermined system of equations is the generalized Newton's method [16] . However, this method only searches for a feasible solution of the system of equations.
In this paper we propose an alternative algorithm which searches for the minimum 2-norm solution of an underdetermined system of equations. The update of the algorithm at every iteration is defined as an interpolation between the generalized Newton's algorithm update and a proposed update that aims at minimizing the 2-norm of the solution. It is proven that there exists a suitable interpolation coefficient such that the developed algorithm converges locally to a local
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Compared to the classical approach which solves the KKT conditions using Newton's method, the proposed algorithm does not introduce additional optimization variables and does not require evaluation of the Hessian matrix. Therefore, the proposed algorithm requires less computational cost and less amount of memory. This feature will be beneficial for large-scale problems and real-time applications where the time for computation is limited. Two benchmark application problems, fitting of ellipses and state reference generation for electrical machines, are presented to demonstrate the effectiveness of the proposed algorithm.
The remainder of this paper is organized as follows. Section II introduces the notation used in the paper. The optimization problem is formulated in Section III. Section IV presents the proposed numerical optimization algorithm and proves the local convergence property of the algorithm. Examples are shown in Section V to demonstrate the effectiveness of the algorithm. Section VI summarizes the conclusions.
II. NOTATION
Let N denote the set of natural numbers, R denote the set of real numbers, R >0 denote the set of positive real numbers. The notation R [c1,c2) denotes the set {c ∈ R : c 1 ≤ c < c 2 }. Let R n denote the set of real column vectors of dimension n. Let R n×m denote the set of real n × m matrices. For a vector x ∈ R n , x [i] denotes the ith element of x. The notation 0 n×m denotes the n×m zero matrix and I n denotes the n × n identity matrix. Let · 2 denote the 2-norm. The Nabla symbol ∇ denotes the gradient operator. For a vector x ∈ R n and a mapping Φ :
∂Φ(x) ∂x [2] . . .
.
where z ∈ R n , q ∈ R n , P ∈ R n×n is a positive definite matrix and G is a nonlinear mapping from R n to R m . Here, n is the number of optimization variables and m is the number of constraints. In this paper, we are only interested in the case when the constraint set has an infinite number of points, i.e. m < n, since the other cases are trivial.
Let us define
where x ∈ R n . It follows that
The constraint can be rewritten in term of x as follows
It is obvious that F is also a mapping from R n to R m . The cost function is also rewritten as a function of x as follows
Since the optimization problem is not affected by the affine term
The above derivation shows that any quadratic optimization problems in the form of Problem III.1 can be transformed into the form of Problem III.2. Therefore, instead of solving Problem III.1, we can solve Problem III.2 to get the solution in x. The solution in z can then be deduced from (3).
IV. PROPOSED ALGORITHM
This section first reviews the standard approach to solve a quadratic optimization problem with nonlinear equality constraints using Lagrange multipliers and Newton's method. This method will be referred to as the Lagrange-Newton method for short. Then, the proposed algorithm for solving Problem III.2 is presented.
A. Lagrange-Newton method
A common approach to solve the optimization problem III.2 is to solve the set of optimality conditions, which are known as the KKT conditions, using the Newton's method.
First, define the Lagrange function
where λ ∈ R m is the vector of Lagrange multipliers. The optimality conditions of Problem III.2 are:
The system of equations (7) is solved iteratively using Newton's method. Let x k and λ k be the estimated values of x and λ at any iteration k ∈ N. Then the new estimated values of x and λ are computed as follows:
where
The iterative process stops when a predefined accuracy ε is reached, i.e.
where ε is a small positive value. This algorithm converges locally to a local minimum of Problem III.2 and the convergence rate is quadratic. The proof of convergence of the Newton's method can be found in [17] , [18] . However, this method introduces additional variables, i.e. Lagrange multipliers, which increases the complexity of the problem. In addition, the need to evaluate and store the Hessian matrix increases the computational time and the amount of memory needed.
B. Proposed algorithm
In this section, we propose a new algorithm which does not introduce additional optimization variables and does not require computation of the Hessian matrix. Instead of formulating the optimality conditions (7), we directly solve the system of equations
The proposed method to solve (11) is inspired by the classical Newton's method. The original idea of the iterative Newton's algorithm is to linearize F (x) around the current guess x k at iteration k:
Then the new guess x k+1 of the solution has to satisfỹ
which is equivalent to
Since the system of equations (13) is underdetermined, i.e. m < n, it has an infinite number of solutions. A feasible solution of (13) is
where ∇F (x k ) −R is the minimum 2-norm generalized inverse, or the right inverse of ∇F (x k ) [19] :
The update (15) is known as the generalized Newton's method for underdetermined systems of equations, which provides a feasible solution of (13) . However, instead of just computing a feasible solution, we can compute the minimum 2-norm solution of (13), which is the solution that has smallest value of x T k+1 x k+1 , i.e.
or, equivalently
The generalized Newton's method (15) only provides a feasible solution of the system of equations (11), but its local convergence has been proven in [16] , [20] . On the other hand, the new proposed iteration (18) provides the minimum 2-norm solution of (11), but its convergence has not been proven yet. From the authors' experience, sometimes iteration (18) does not converge even if the initial guess is very close to the minimum 2-norm solution of (11) . To solve this issue of (18), we propose a new iteration, which is the interpolation between iteration (15) and iteration (18), i.e.
where 0 < α < 1. The proposed iteration (19) inherits the local convergence property of (15), while it converges to the minimum 2-norm fixed point of (18), as it will be outlined next.
In what follows we will prove that iteration (19) converges locally to a fixed point that satisfies the KKT optimality conditions (7) .
First, we introduce simplified notation for brevity. Let us denote
as the Jacobian matrix of F (x k ), and
as the right inverse of J k . Here, J k ∈ R m×n and T k ∈ R n×m . It follows that:
Assume that x * is a fixed point of (19) , let us denote
With the simplified notation, the proposed iteration (19) can be rewritten as:
Lemma IV.1 Let D be a convex subset of R n in which F : D → R m is differentiable and J(x) is Lipschitz continuous for all x ∈ D, i.e. there exists a γ > 0 such that
Proof: This result can be proved using the mean value theorem:
Lemma IV.2 Let D be a subset of R n where J(x) and T (x) are well defined. For any x ∈ D, it holds that
Proof: First we will prove that (T (x)J(x)) is a Hermitian matrix. We have:
Next we will prove that (I n −T (x)J(x)) is an idempotent matrix:
Denote A := I n − T (x)J(x). Then A is a Hermitian idempotent matrix, i.e.
Let ρ i be an eigenvalue of A T A, then ρ i satisfies
This results in
which means that ρ i is equal to either 0 or 1. If A T A is a nonzero matrix then at least one eigenvalue is 1. The 2-norm of A is defined as the maximum singular value of A. This is equal to the square root of the maximum eigenvalue of A T A, which is equal to 1.
Theorem IV.3 If algorithm (26) converges to a fixed point x * , then x * satisfies the KKT optimality conditions (7).
Proof: Left-multiplying (26) with T k J k , we have
Subtracting (37) from (26) results in
Consequently, if algorithm (26) converges to a fixed point x * then
Besides, due to (26), x * also satisfies
Subtracting (40) from (39) results in
Here, T * is a n × m matrix where m < n. This means that T * has an empty null space. Therefore, (41) is equivalent to
From (39) and the fact that α < 1, it follows that
This means that x * is in the null space of (I n − T * J * ), which is the range of J * T [21] . Therefore, there exists a vector λ ∈ R m such that
or equivalently
From (42) and (46), we conclude that x * satisfies the KKT optimality conditions (7).
Theorem IV.4 Let D ⊆ R
n be an open convex invariant set for (26) in which the following conditions hold (i) F (x) is Lipschitz continuous, (ii) J(x) is well defined and Lipschitz continuous, (iii) T (x) is well defined and bounded, (iv) T (x)J(x) and T (x)J(x)x are Lipschitz continuous, (v) there exists a solution x * of the KKT optimality conditions (7) in D. Then there exist a α ∈ R (0,1) and a r ∈ R >0 such that B(x * , r) ⊆ D and iteration (26) converges to a fixed point that satisfies (7) for any initial condition x 0 ∈ B(x * , r).
Proof: Left-multiplying (26) with J k yields that
We have
Due to the condition that T (x) is bounded for all x ∈ D and Lemma IV.1, we have:
where L > 0.
Due to the condition that T (x)J(x) is Lipschitz continuous for all x ∈ D, it follows that:
where N > 0. Lemma IV.2 states that I n − T k−1 J k−1 2 = 1. Consequently:
The equality happens if and only if (x k − x k−1 ) is in the range of (I n − T k−1 J k−1 ), which is the null space of J k−1 [21] . This is equivalent to:
This shows that the equality happens if and only if x k−1 is an exact solution of (11) . Let us assume that F k−1 = 0 m×1 for any k < ∞. Then there exists a constant M ∈ R (0,1) such that
From (48), (49), (50) and (53), it follows that
Therefore, there always exists an α ∈ R (0,1) such that K < 1.
From (26) and the conditions that F (x) and T (x)J(x)x are Lipschitz continuous, we have
where Q > 0. If x 0 is close enough to x * such that
then it follows that
Next, we will prove that if
Indeed, if (59) holds then due to (54) we have
This leads to
We have proved that if (59) holds then (60) holds. Since (58) also holds for any x 0 which satisfies (57), it follows by induction that
Therefore, it follows from (54) that
Therefore, algorithm (26) converges, and by Theorem IV.3, it converges to a solution of (7) for any x 0 ∈ B(x * , r), where
and α satisfies (55).
In the case when B x * , It is worth mentioning that the assumptions on Lipschitz continuity of F (x), J(x) and boundedness of T (x) are commonly used in proving convergence of Newton-based algorithms. Different authors also use different additional assumptions such that the convergence holds, see for example [16] , [20] , [22] - [24] .
Remark IV.5 In the case when the equality constraint (11) is nonconvex, the fixed point of both the Lagrange-Newton method and the proposed method can be either a local minimum or a local maximum. To determined whether it is a local minimum or a local maximum, it is necessary to check the second-order conditions or to check the value of the cost function in the vicinity of the fixed point. How to guarantee convergence of the proposed algorithm to a global minimum will be the subject of future research.
In summary, similar to the classical Lagrange-Newton algorithm, the proposed algorithm converges locally to a KKT point of Problem III.2. However, the proposed algorithm requires less computational cost and less amount of memory than the Lagrange-Newton algorithm. This is beneficial for large-scale problems and real-time applications.
V. EXAMPLES
This section presents two examples to verify the performance of the proposed algorithm.
A. Least square fitting of ellipses
Fitting of ellipses to data points is a fundamental task in pattern recognition and computer vision. This problem has been extensively studied and widely applied. In this example, we follow the direct least square fitting method proposed in [3] .
An ellipse in 2D (x, y)-coordinate can be represented by a second order polynomial:
where θ is the coefficients vector:
and η = x 2 xy y 2 x y 1 T .
The polynomial Γ(θ, η) is called the algebraic distance of a point (x, y) to the ellipse Γ(θ, η) = 0. An approach to fit an ellipse to N p data points (x i , y i ), i = 1, . . . , N p , is by minimizing the sum of squared algebraic distances:
In addition, an ellipse has to satisfy the constraint that the discriminant b 2 −ac is negative. Since we have the freedom to arbitrarily scale the parameters, the constraint can be written as 
In this example, 11 data points are generated from the ellipse shown in Fig. 1 . The data points are then corrupted by adding zero-mean Gaussian noise of standard deviation σ = 1.
The fitting problem is solved using both the LagrangeNewton algorithm and the proposed algorithm. Since the proposed algorithm can only solve problems in the form of Problem V.2, it has to spend time on transforming the original Problem V.1 into Problem V.2. For a fair comparison, the proposed algorithm solves Problems V.2, while the Lagrange-Newton algorithm solves directly the original Problem V.1, in order to avoid wasting computation time on the transformation (73).
The algorithms are implemented on a 2.4GHz computer. The predefined accuracy is ε = 10 −4 . The initial point for the Lagrange-Newton algorithm is chosen as θ 0 = 1 1 1 1 1 1 T , and the initial point for the proposed algorithm is chosen as ϕ 0 = R 1/2 θ 0 . For the proposed algorithm, α is chosen equal to 0.2.
Both algorithms converge to the same solution as shown in Fig. 1 . The Lagrange-Newton algorithm converges after 4 iterations, while the proposed algorithm converges after 5 iterations. However, despite the fact that the proposed algorithm needs more iterations to converges and also has to calculate the transformation (73), its total computation time is 0.43ms, while the total computation time of the LagrangeNewton algorithm is 0.62ms. If α is chosen equal to 0.1 then the proposed algorithm also converges after 4 iterations like the Lagrange-Newton algorithm, and the total computation time reduces further to 0.39ms. This demonstrates the advantage of the proposed algorithm in computation time.
B. State reference generation for torque control in externally excited synchronous machines
State reference generation for torque control is a challenging problem for externally excited synchronous machines (EESM). It requires solving a quadratic optimization problem with quadratic equality constraints in real-time [7] . This section solves the EESM state reference problem using the proposed algorithm.
The electromagnetic torque of a EESM is calculated as follows
where i ds and i qs are the d-and q-axis stator currents, i e is the excitation current, P p is the number of pole pairs, M d is the mutual inductance between stator and rotor windings, L d and L q are the d-and q-axis inductances, respectively. The copper losses is calculated as
where R s is the stator resistance and R e is the excitation resistance.
In torque control of EESM, the state variables can be chosen as
and the output is the electromagnetic torque
The torque equation (74) can be rewritten as
(79) The copper losses can be rewritten as
For torque control, let y ref be the reference torque, we have to find a value for the state variable x such that the torque y is equal to the reference y ref .
There is an infinite number of solutions for this problem. When there is an infinite number of solutions, we have the freedom to choose the solution which is beneficial for the application. An attractive solution is the one that minimizes the copper losses. The state reference generation problem can be formulated as
subject to
In this example, let us consider an EESM with the parameters given in Table I . The reference torque is y ref = 10Nm. Problem V.3 is solved using both the Lagrange-Newton algorithm and the proposed algorithm. The algorithms are implemented on a 2.4GHz computer. The predefined accuracy is ε = 10 −7 . The initial point for both algorithms is chosen as x 0 = −1 1 1 T . For the proposed algorithm, α is chosen equal to 0.3. Both algorithms converge after 7 iterations. The resulting solutions are the same for both algorithms: 
Although both algorithms converge to the same solutions, the total computational time of the Lagrange-Newton algorithm is 0.6ms, while the total computational time of the proposed algorithm is 0.3ms. This demonstrates the improvement in computational time that the proposed algorithm can bring. The algorithm is thus beneficial for real-time machines with high sampling frequency where the time for computation is limited and implementation of embedded optimization solvers is impractical.
VI. CONCLUSIONS
This paper proposed a new algorithm for solving quadratic optimization problems with nonlinear equality constraints. It was proven that the proposed algorithm converges locally to a solution of the KKT optimality conditions. The algorithm is computationally efficient since it does not introduces additional optimization variables and does not require evaluation of the Hessian matrix. The effectiveness of the proposed algorithm was demonstrated in two examples.
For future research, how to guarantee convergence of the proposed algorithm to a global minimum is of interest. Another interesting topic is how to compute the interpolation coefficient such that the fastest speed of convergence is achieved.
